The S = 1/2 XXZ spin chain with the staggered XY anisotropy
(S is shown to possess gapless, Luttinger-liquid-like phases in a wide range of its parameters: the XY-like phase and spin nematic phases, the latter characterized by a two-spin order parameter breaking translational and spin rotation symmetries. In the simplest, exactly solvable case ∆ = 0, the spectrum remains gapless at arbitrary J and δ and is described by two massless Majorana (real) fermions with different velocities v ± = |J ± δ|. At |δ| < J the staggered XY anisotropy does not influence the ground state of the system (XY phase). At |δ| > J, due to level crossing, a spin nematic state is realized, with ↑↑↓↓ and ↑↓↓↑ local symmetry of the xx and yy spin correlations. The spin correlation functions are calculated and the effect of thermally induced spin nematic ordering in the XY phase ("order from disorder") is discussed.
I. INTRODUCTION
There has been considerable recent interest in the S = 1/2 quantum spin chains with alternating ferromagnetic and antiferromagnetic bonds [1] [2] [3] :
The model (1) continuously connects a gapful phase of decoupled singlets (β = 0) with the limit of the S = 1 chain (β → ∞) and so far was mostly considered in the context of the Haldane gap problem 4 .
In this paper, we would like to draw attention to another, in a sense, opposite aspect of the problem of bond-alternating spin chains. In the rotationally (SU(2)) invariant S = 1/2 chain the formation of a massive phase appears as a result of bond alternation (β = −1).
On the other hand, as follows from the (Bethe ansatz) exact solution of the translationally invariant XYZ model 5 , an Ising-like mass gap is always present in the excitation spectrum as long as continuous spin rotation symmetry remains fully broken. One then may ask:
Are the requirements of translational and spin rotation symmetries robust for realization of a gapless, Luttinger-liquid low-energy behavior of S = 1/2 spin chains? Can the bond alternation and full breakdown of spin rotational symmetry, each separately generating a gap, result in a gapless (critical) regime when acting together? As shown below (Sec. 
is a nontrivial example of such a system exhibiting gapless phases in a wide range of its parameters with rather interesting properties.
In Sec.3 we first consider the simplest, exactly solvable case of the XY bond-alternating chain (∆ = 0). The Jordan-Wigner transformation reduces it to a 1d system of spinless fermions with a half-filled band and a Cooper pairing with the total momentum equal π.
This model is also equivalent to two decoupled quantum Ising chains (i.e. 1d Ising models in transverse magnetic fields) at criticality. Therefore, for any ratio δ/J, the excitation spectrum is gapless, and elementary excitations are represented by two Majorana (real)
fermions propagating with different velocities v ± = |J ± δ|a. At |δ| < J the staggered XY anisotropy does not influence the ground state of the system but reveals at the level of excitations, leading to splitting of the two gapless branches of the spectrum. This affects the time dependence of the spin correlation functions and thermodynamics.
At |δ| > J, due to level crossing, the XY ground state is changed by another gapless phase -a spin nematic (SN) state, characterized by broken translational and spin rotational U(1) symmetry, but preserved time reversal invariance. In this phase, the local symmetry of the xx and yy spin correlations is changed by the ↑↑↓↓ and ↑↓↓↑ structures, respectively.
This reflects the sign-alternating character of exchange couplings between neighboring spins at |δ| > J (see Eq. (2)). The new spin correlations (following the same power-law decay with distance as that in the XY phase) induce a two-spin SN ordering of the system described by the order parameter < vac|S
We also find a manifestation of Villain's "order from disorder" 7 -the effect of thermally induced SN ordering of the spins in the XY-like phase (|δ| < J).
In Sec.4 we extend consideration to the case of a finite ∆ to study effects of a weak staggered XY anisotropy (|δ| ≪ J) in a Luttinger spin liquid. Using bosonization method, we show that the low-energy properties of the system (2) are described by a self-dual fieldtheoretical model, similar to the one recently proposed to describe two weakly coupled Luttinger chains 8 . In the range −1/ √ 2 < ∆ < 1, the off-diagonal perturbation H δ , tending to split the velocities of fermionic excitations, is irrelevant due to the infrared catastrophe that eliminates single-fermion states from the low-energy part of the spectrum. This behavior is an example of Anderson's confinement 9 which has been extensively discussed recently in connection with the two-chain problem. In this regime, the system maintains basic properties of the gapless Luttinger liquid, slightly modified by thermally induced SN order.
At ∆ < −1/ √ 2, a translationally invariant, two-axis anizotropy, generated in the second order in δ, becomes a relevant perturbation, and the system undergoes a Kosterlitz-Thouless transition to a Neel-ordered state with polarization axisx orŷ.
By the δ ↔ J interchange symmetry, the above picture also holds in the opposite limiting case |δ| ≫ J. Here one finds Luttinger-liquid-like SN phases and Kosterlitz-Thouless transitions to phases with ↑↑↓↓ ordering of the spins, either alongx− orŷ−direction.
II. CHOICE OF THE MODEL
Consider a bond-alternating S = 1/2 quantum XYZ spin chain given by the Hamiltonian
The model can be mapped onto two coupled quantum Ising chains by a nonlocal unitary 
where
The transformed Hamiltonian
describes two coupled quantum Ising chains. The constants 
and corresponds to two massless Majorana fields with different velocities. This is a new, yet not considered possibility.
Conditions (6) give four possible distributions of the exchange couplings A x , A y , B x and B y on lattice bonds, each distribution breaking both U(1) spin rotational symmetry and translational invariance (below we indicate only the XY -part of the corresponding Hamiltonians):
All these cases are related to each other by nonlocal unitary transformations. Transforming
On the other hand, under S y n → −S y n , S z n → −S z n only at n = 4j + 1 and n = 4j + 2,
In what follows, we shall concentrate on H 1 . Choosing then A z = B z , we arrive at the XXZ spin chain with XY bond-alternating (staggered) anisotropy, given by Eq.(2). It is equivalent to the following Hamiltonian describing two critical but different quantum Ising chains coupled by a self-dual interchain interaction:
The model (2) has the following symmetry properties which will be used below:
2) Under a staggered transformation, S
3) A nonlocal transformation to a π/2-twisted reference frame,
leads to the important symmetry under interchange of J and δ:
III. XY CHAIN WITH BOND-ALTERNATING ANISOTROPY
In this section we set J z = 0 and consider properties of the XY chain with a bondalternating anisotropy:
Due to the symmetry property (9), we can choose without loss of generality J > 0. The Jordan-Wigner (JW) transformation
represents Hamiltonian (12) as a quadratic form of spinless fermion operators
describing a tight-binding half-filled band and a Cooper pairing of the fermions on neighboring sites with a sign-alternating amplitude. The latter circumstance leads to commutativity of H 0 and H δ which, in turn, indicates the absence of a gap in the spectrum at arbitrary values of J and δ. This is in agreement with the equivalent representation of model (2) in terms of two decoupled quantum Ising chains at criticality, as given by Eq. (7) at ∆ = 0.
Representation (14) implies that the excitation spectrum consists of two branches which, in the continuum limit, correspond to two massless Majorana fields with group velocities v ± = |J ± δ| (we set the lattice constant a = 1).
To understand the effect of the staggered XY anisotropy on the ground state properties of the model (14), we rewrite the Hamiltonian in momentum representation
We see that H δ describes Cooper pairing of JW fermions with total momentum equal π.
Mapping Hamiltonian (15) onto reduced Brillouin zone, |q| < π/2
and introducing a Nambu 2-spinor
one rewrites H in the form
where τ α are the Pauli matrices, and
is the ground state energy of H 0 .
Eq. (16) 
For a given q, ∆(q) then appears as a "magnetic" field oriented along the x-axis in the local pseudospin space.
where new fermion operators
and
At |δ| < J E ± (q) ≥ 0 at all |q| < π/2. Therefore in Eq.(19) H exc is positive definite and represents the excitation energy of the system, E ± (q) thus being energies of the singlefermion excitations. The ground state |vac > is defined via relations α q |vac >= β q |vac >= 0 and coincides with that of H 0 . The local pseudospin SU(2) symmetry is unbroken:
Thus, at |δ| < J, the alternating XY anisotropy has no effect on the ground state of the system. This can be understood from the following simple arguments. 
implying that spin rotational U(1) symmetry and translational invariance remain intact.
However, perturbation H δ reveals at the level of excitations. Consider one-particle and one- The above picture persists at all |δ| < J. However, at |δ| > J one of the two excitation energies (21) becomes negative, and the ground state changes. Since [H 0 , H δ ] = 0, this simply occurs due to level crossing: one of the former excited states becomes the ground state. As a result, the symmetry of the vacuum is changed. Choosing, e.g., δ > J > 0, and making a particle-hole transformation β q →β + q , one finds that the ground state is now determined by α q |vac >=β q |vac >= 0, the ground state energy and Hamiltonian of excitations being changed, respectively, by
with
Notice that, at |δ| > J, H 0 does not contribute to the ground state energy:
The local pseudospin SU(2) symmetry is now broken down to U(1), < vac|J
implying that the ground state is characterized by a nonzero ODLRO which breaks global U(1) and translational symmetries:
where θ(x) is the step function. Note that all results concerning the case |δ| > J could have also been obtained by using the δ ↔ J interchange symmetry, Eq. (9).
Using the two-chain representation (4) We shall first consider the case |δ| < J. Using the Majorana fermion representation of the quantum Ising chain 11 and passing to a continuum limit, one can show that the longitudinal (zz) spin correlation function is bilinear in the Majorana single-fermion Green's functions:
where x = n − m. This result can also be obtained by using the JW representation (13) for S z n together with Bogoliubov transformation (20) to quasiparticle operators α q and β q . The transverse spin correlation function is a product of two Ising correlation functions:
At equal times, formulas (28) and (29) coincide with known results for the "pure" XY model 16 (δ = 0). Now we consider the case |δ| > J. For simplicity, we shall restrict ourselves by equal time correlations. As follows from the δ ↔ J symmetry transformations (10), (11) , in the SN phases the antiferromagnetic zz-correlations (28) transform to the ferromagnetic ones:
In the XY-like phase, the power-law decay (28) of the antiferromagnetic zz-correlations leads to the well known singular response of the system to a staggered magnetic field along the z-axis, logarithmically divergent at T → 0. (In terms of the JW fermions, this property appears as a logarithmic charge-density-wave instability of a noninteracting 1D Fermi system). Similarly, in the SN phases, ferromagnetic zz-correlations (30) give rise to a logarithmically divergent response to a homogeneous magnetic field. The ferromagnetic and antiferromagnetic susceptibilities are finite at |δ| < J and |δ| > J, respectively,
At the boundaries δ = ±J between the XY-like and SN phases, the model shows both ferromagnetic and antiferromagnetic instabilities.
Applying the δ ↔ J transformations (10) to (29), we find that, at |δ| > J , the transverse spin correlations show the same power-law decay as in the XY-like phase, but are characterized by a different type of local ordering:
Eqs.(31) and (32) describe ↑↑↓↓ and ↑↓↓↑ periodic structures for the xx and yy spin correlations, respectively. The origin of these correlations is easily seen from (12) . At δ > J the xcomponents of neighboring spins are coupled ferromagnetically on even bonds < 2j, 2j + 1 > and antiferromagnetically on odd bonds < 2j − 1, 2j >, whereas for the y-components the picture is opposite (at δ < −J one has simply to interchange x-and y-components). In the quantum case of interest, the corresponding gapless "phason" mode destroys singlespin long-range order precisely in the same way as it occurs in the XY model. However, despite the loss of local magnetization, the survival of transverse correlations (31), (32) gives rize to SN ordering of the system, described by two-spin tensor (27). This is similar to the picture described by Chandra, Coleman and Larkin 17 for 2d frustrated antiferromagnets, where short-range correlations with local twist structure lead to the formation of a SN state. In the latter case, the order parameter is a parity-breaking antisymmetric tensor
>, corresponding to the p-type SN phase 6 . The difference between this and our cases is the absence of local twist structure in the ground state of our model at |δ| > J, (T(x, x ′ ) = 0). Instead we have the above described local spin structure generated by the staggered XY anisotropy, which results in a SN order parameter (27) with a symmetric tensor form.
To conclude this section, let us briefly discuss the role of finite temperature. As it was already pointed out, the staggered XY anisotropy does not affect the ground state of the model at δ < J, but reveals in splitting the excitation spectrum in two gapless branches with different Fermi velocities. One of interesting manifestations of this splitting is the appearance of the temperature-induced SN long-range order in the XY phase. Using the diagonalized form (19) of the Hamiltonian, one finds that
Here E ± are the average thermal energies of the α-and β-quasiparticles. At low temperatures, T ≪ J ± δ, E ± /N = (π/24)(T 2 /(J ± δ)). Assuming for simplicity that δ ≪ J one finds < S On increasing |δ|, one of the two modes becomes very soft and nearly completely populated, when |J − |δ|| ≪ T ≪ J + |δ|. In this temperature range, the xx spin correlations on even (odd) bonds and yy correlations on odd (even) bonds get suppressed, and the amplitude of the SN order parameter is close to 1/2π. At |δ| → J, the SN long-range order eventually penetrates into the ground state.
IV. XXZ CHAIN WITH A WEAK BOND-ALTERNATING XY ANISOTROPY
In this section, we extend the above considerations to the model (2) with a finite J z and study effects of a weak bond-alternating XY anisotropy in the disordered gapless phase of the XXZ chain, assuming that |δ| ≪ J, |∆| < 1. The question we address here is: How off-diagonal perturbation H δ , tending to split velocities of fermionic excitations, reveals in a
Luttinger spin liquid 19, 20 , where orthogonality catastrophe suppresses single-fermion states in the low-energy part of the spectrum. Notice that the δ ↔ J symmetry (11) allows to translate results of this section to the case of very strong δ-anisotropy, |δ| ≫ J.
Being interested in the infrared properties of the model, we pass to a continuum description developed for the XXZ spin chain by Luther and Peschel 19 . Linearizing the spectrum of the JW fermions in the vicinity of two Fermi points ±k F = ±π/2 and introducing two
Fermi fields corresponding to right-moving (ψ 1 ) and left-moving (ψ 2 ) particles
one makes use of Abelian bosonization 19, 21 :
to describe the low-energy spin excitations in terms of a scalar field theory
Here ϕ(x) and Π(x) are the scalar field and its conjugate momentum, respectively. The term
originates from Umklapp scattering of the JW fermions 20, 22 . At ∆ > 1, these processes drive the system to a strong-coupling, massive Neel phase, but are irrelevant in the disordered phase, |∆| < 1. Using continuum representation (34), the staggered XY anisotropy H δ transforms to a pairing term
Bosonizing (38) by means of (35) and performing canonical transformation of the field and
one arrives at the following self-dual field-theoretical model
Here u is the renormalized velocity, α is a cutoff parameter, andφ(x) is a field dual to φ(x), defined as ∂ xφ (x) = P (x). The correct parametrization of β is provided by the Bethe-ansatz solution of the XXZ model 12 : 
where Z 0 is the partition function of the unperturbed, Gaussian part of the model. Eq. (42) descibes a 2d system of classical particles with coordinates x j = (uτ j , x j ), (0 < τ j < 1/T ), z = δα/πu being the fugacity. Each particle carries an "electric" charge σ j = ±1 and . This is analogous to the confinement regime in the two-chain model 9 , in which Luttinger-liquid effects suppress single-particle interchain hopping in the infrared limit 8, 23, 24 .
At finite temperatures, thermally induced SN ordering will take place. However, in the Luttinger spin-liquid regime (∆ = 0) , the SN order parameter increases with the temperature more slowly than in a noninteracting Fermi gas, Eq.(33). Using Coulomb gas representation (42) and calculating the second-order correction to the free energy of the XXZ model, one finds that
The nonuniversal power-law temperature dependence of the SN order parameter reflects the well-known infrared catastrophe in a 1D Luttinger liquid that eliminates single-fermion states from the low-energy part of the spectrum. The r.h.s. of (43) should then be understood
is the single-fermion density of states vanishing in the zero-energy limit.
The suppression of the XY anisotropy in the lowest order in δ does not really mean that H δ is a totally irrelevant pertubation. The usual criterium of relevance, based on the comparison of the critical dimension of a pertubation with space-time dimension 2, is not applicable here, since the pertubation has a nonzero conformal spin 25 . This is seen from the Coulomb gas representation (42). The suppression of the XY staggered anisotropy in the first order in δ originates from pairing of the charge-monopole composites with zero total "electric" and "magnetic" charges. On the other hand, binding of composites in pairs with total "magnetic" or "electric" charge ±2 gives rise to two operators 
Ref.24 and references therein).
The
is expected to be a Kosterlitz-Thouless transition point. The nature of the operatorÕ(x) and, accordingly, the type of ordering in a massive phase which occurs
can be elucidated by means of the effective sine-Gordon model written in terms of the dual fieldφ
together with the continuum representation of spin operators in terms of scalar fields φ and
In the above equations, m is a positive parameter proportional to δ 2 a/u, and λ and µ are numerical constants. As follows from (45), the onset of a strong-coupling regime in the model (40) results in ordering of the dual field,φ.
Let us look at the symmetry properties of the model (9) under translations and spin rotations about theẑ-axis 26 . The spin operators in (10) and (11) As we already mentioned, the results obtained for a weak bond-alternating anisotropy can be applied to the opposite limiting case |δ| ≫ J, using the δ ↔ J symmetry (11), (10) .
In the region −1 < ∆ ′ < 1/ √ 2, where ∆ ′ = J z /|δ|, we find two gapless SN phases (for each sign of δ), with low-temperature properties of a Luttinger liquid. Applying nonlocal transformations (10) to Eqs.(48) and (49), we find that at ∆ ′ = 1/ √ 2 a Kosterlitz-Thouless transition takes place to an ordered phase, characterized by the ↑↑↓↓ periodic long-range alignment of the spins, either along the x-or y-direction in spin space.
V. CONCLUSIONS
We have shown in this paper that, in the S = 1/2 quantum spin chains, the gapless, Although our description was restricted by limiting cases |δ| ≪ J and |δ| ≫ J, it is clear that the gapless XY-like and SN phases occupy large domains in the parameter space of the model. However, to understand the phase diagram of the system in more detail and, in particular, describe a transition from the XY-like phase to the SN phases on changing δ with ∆ kept finite, the region |δ| ∼ J should be considered. This region is not accesible by bosonization method. As follows from the two-chain representation (7) of the original model (2), in this region one has to consider an interacting system of "light" and "heavy"
Majorana fermions with strongly different velocities (v + ≫ v − ). This problem resembles the Kondo-lattice one and deserves a special analysis. We hope to return to this and related questions in the future.
n q = 0, 1 being the occupation number. The SU(2) algebra generated by J 
